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Abstract: This work contains a detailed analysis of the properties of the ground state of a
two-component two-sites Bose-Hubbard model, which captures the physics of a binary mixture of
Bose-Einstein condensates trapped in a double-well potential. The atom-atom interactions within
each species and among the two species are taken as variable parameters while the hopping terms are
kept fixed. To characterize the ground state we use observables such as the imbalance of population
and its quantum uncertainty. The quantum many-body correlations present in the system are further
quantified by studying the degree of condensation of each species, and the entanglement between the
two species. The latter is measured by means of the Schmidt gap, the von Neumann entropy or the
purity obtained after tracing out a part of the system. A number of relevant states are identified,
e.g. Schrödinger catlike many-body states, in which the outcome of the population imbalance of
both components is completely correlated, and other states with even larger von Neumann entropy
which have a large spread in Fock space.

I. INTRODUCTION

Mixtures of Bose-Einstein condensates are interesting
not only from a fundamental point of view, but also
for their potential applications. Among the latter, the
most prominent examples are found in quantum metrol-
ogy [1, 2] and in quantum computation or quantum infor-
mation processing, as discussed in Ref. [3]. A crucial in-
gredient is the possibility of generating entangled many-
body states, e.g. Schrödinger catlike states. These type
of states can be produced in a single component Bose-
Einstein condensate trapped in a double-well potential,
producing entanglement between the two-wells [4]. In-
terestingly, in the case of mixtures, having two different
species allows us to explore a wider range of possibili-
ties, e.g. having also entanglement between the different
species.

Several procedures have been proposed to generate en-
tangled many-body states in bosonic mixtures trapped
in two wells. The first one is by dynamical generation,
as in Ref. [3]. In such case, the system is prepared in a
non-entangled state and the time evolution builds many-
body correlations. A second procedure is to profit from
Feshbach resonances to modify the atom-atom intra or
interspecies interactions. In this thesis we will concen-
trate on this possibility.

The bosonic mixture trapped in a double-well potential
will be described by means of a two-component two-site
Bose-Hubbard model. Our goal is to explore the ground
state properties of the system as a function of the atom-
atom interactions, which are assumed to be tunable.

The thesis is organized as follows. First, in Sect. II we
will describe the theoretical model and explain the pro-
cedure used to obtain the quantum many-body states.
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Then, in Sect. III, we present the different magnitudes
used to characterize the ground state properties of the
system. The main ones are: 1) the imbalance of popu-
lation between the wells, which can be measured exper-
imentally in single component bosons; 2) the condensed
fraction, which measures the degree of Bose-Einstein con-
densation of each component, and 3) entanglement mea-
sures, like von Neumann entropies of the subsystems after
bipartition. Sections IV and V contain the main results.
In Sect. IV we discuss the symmetric case, in which the
bosons of the two species, A and B, have the same in-
traspecies interaction. In Sect. V we consider a more
general case, in which the intraspecies interactions are
not taken equal. Finally, in Sect. VI we provide a brief
summary and conclusions.

II. DESCRIPTION OF THE MODEL

A mixture of two bosonic species with fixed number
of particles, NA particles of type A and NB particles of
type B, is considered trapped in a double well potential.
The atom-atom interaction is assumed to be well approx-
imated by a contact potential. Further, we consider only
two single particle modes for each species [5]. Under this
approximations we have the following second quantized
Hamiltonian,

Ĥ = −JA
(
â†RâL + â†LâR

)
− JB

(
b̂†Rb̂L + b̂†Lb̂R

)
+

UAA
2

[
n̂AL(n̂AL − 1) + n̂AR(n̂AR − 1)

]
+

UBB
2

[
n̂BL (n̂BL − 1) + n̂BR(n̂BR − 1)

]
+ UAB

(
n̂AL n̂

B
L + n̂ARn̂

B
R

)
− ε

(
n̂BL − n̂BR

)
, (1)
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where [â†i , âj ] = δi,j , [b̂†i , b̂j ] = δi,j , n̂
A
i = â†i âi, n̂

B
i = b̂†i b̂i

and i, j = L,R (L associated with the left site and R
with the right site). The action of the creation and an-
nihilation operators on the Fock basis reads, for instance
for L,

â†L |n
A
L , n

A
R, n

B
L , n

B
R〉 =

√
nAL + 1 |nAL + 1, nAR, n

B
L , n

B
R〉 ,

b̂†L |n
A
L , n

A
R, n

B
L , n

B
R〉 =

√
nBL + 1 |nAL , nAR, nBL + 1, nBR〉 ,

âL |nAL , nAR, nBL , nBR〉 =
√
nAL |n

A
L − 1, nAR, n

B
L , n

B
R〉 ,

b̂L |nAL , nAR, nBL , nBR〉 =
√
nBL |n

A
L , n

A
R, n

B
L − 1, nBR〉 . (2)

The strength of the intra, AA and BB, and interspecies,
AB, interaction is given by the parameter UAA, UBB
and UAB , respectively. Within our sign convention, pos-
itive and negative values of Uαβ correspond to repulsive
and attractive interactions, respectively. The hopping
parameters JA and JB can in principle be varied by rais-
ing or lowering the potential barrier between the two
wells. A small bias term, 0 < ε � JA,JB , ensures the
breaking of left-right symmetry and also A− B symme-
try. In our case it has been chosen to be energetically
favourable to have B particles on the L site. We define
the parameters ΛA ≡ NAUAA/JA, ΛB ≡ NBUBB/JB
and ΛAB ≡ NAUAB/JA = NBUAB/JB .

To diagonalize the Hamiltonian we consider the follow-
ing Fock basis,

|kA, kB〉 ≡ |NA − kA, kA〉 |NB − kB , kB〉 , (3)

where kA = 0, ..., NA and kB = 0, ..., NB and thus the
dimension of the Hilbert space is (NA + 1)(NB + 1). The
state |kA, kB〉 is the one having kA bosons of type A on
the right and kB bosons of type B on the right.

Therefore, the matrix elements of the Hamiltonian are,

〈k′A, k′B | Ĥ |kA, kB〉 =

UAA
2

[(NA − kA)(NA − kA − 1)

+ kA(kA − 1)]δkA,k′AδkB ,k′B

+
UBB

2
[(NB − kB)(NB − kB − 1)

+ kB(kB − 1)]δkA,k′AδkB ,k′B

− JA
√

(NA − kA)(kA + 1) δkA+1,k′A
δkB ,k′B

− JA
√
kA(NA + 1− kA) δkA−1,k′AδkB ,k′B

− JB
√

(NB − kB)(kB + 1) δkA,k′AδkB+1,k′B

− JB
√
kB(NB + 1− kB) δkA,k′AδkB−1,k′B

+ UAB [(NA − kA)(NB − kB)

+ kAkB ]δkA,k′AδkB ,k′B
− ε(NB − 2kB)δkA,k′AδkB ,k′B . (4)

Diagonalizing the Hamiltonian matrix introduced in
(4) using the routine gsl eigen symmv from GNU Scien-
tific Library, the energy spectrum is obtained numerically
and the ground state is found in different situations.

III. GROUND STATE PROPERTIES

A. Spectral decomposition and degeneracy

The ground state of the system |Ψ0〉, can be expressed
in the Fock basis as

|Ψ0〉 =

NA∑
kA=0

NB∑
kB=0

CkA,kB |kA, kB〉 . (5)

Since it is an eigenvector of the Hamiltonian it satisfies
Ĥ |Ψ0〉 = E0 |Ψ0〉, with E0 the energy of the ground

state. The first excited state |Ψ1〉 satisfies Ĥ |Ψ1〉 =
E1 |Ψ1〉. Degeneracy will occur when at least two dif-
ferent eigenstates have the same energy. For this reason,
the difference

∆E1,0 ≡ E1 − E0, (6)

determines whether the ground state is degenerate or not.

B. Population imbalance

The population imbalance zi, with i = A,B, for a given
arbitrary state of the system |Ψ〉, is defined as the expec-
tation value

zi ≡
1

Ni
〈Ψ| n̂iL − n̂iR |Ψ〉 . (7)

For a state with all particles of type A(B) on the left site
zA(B) is 1, while if all the particles are on the right site
its value is −1. This quantity is zero in the case of equal
population of particles of a given type in the two sites.
We can also compute the dispersion of zi

σiz ≡

√
〈Ψ|

(
n̂iL − n̂iR
Ni

)2

|Ψ〉 −
(
〈Ψ|

n̂iL − n̂iR
Ni

|Ψ〉
)2

.

(8)
Particularly for the ground state |Ψ0〉 using its spectral
decomposition (5) we can express the population imbal-
ance (7) for each component of the mixture as

zi =

NA∑
kA=0

NB∑
kB=0

|CkA,kB |2
Ni − 2ki
Ni

(9)

and also the corresponding dispersion (8) as

σiz =

[
NA∑
kA=0

NB∑
kB=0

|CkA,kB |2
(
Ni − 2ki
Ni

)2

−

(
NA∑
kA=0

NB∑
kB=0

|CkA,kB |2
Ni − 2ki
Ni

)2
1/2

. (10)
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C. Degree of condensation

The degree of condensation of each of the species in the
ground state is characterized using the one-body density
matrix for each component

ρAi,j ≡
1

NA
〈Ψ0| â†i âj |Ψ0〉 , (11)

ρBi,j ≡
1

NB
〈Ψ0| b̂†i b̂j |Ψ0〉 , (12)

where in both equations (11) and (12) i, j = L,R.

Diagonalizing ρA(B) we obtain its eigenvalues n
A(B)
1

and n
A(B)
2 normalized to unity, which correspond to the

condensed fraction in the macro-occupied single-particle

eigenstate of the one-body density matrix |φA(B)
1 〉 and

|φA(B)
2 〉 respectively.

The eigenvalues fulfill n
A(B)
1 + n

A(B)
2 = 1 and, by def-

inition, 0 ≤ n
A(B)
2 ≤ n

A(B)
1 . In the particular case when

n
A(B)
1 = 1, all the bosons of type A(B) populate the same

single particle state |φA(B)
1 〉 and the state of the subsys-

tem of bosons of type A(B) can be written as a product

state |ΦA(B)
1 〉 ≡ |φA(B)

1 〉
⊗NA(B)

.

D. Partial traces, purity and entanglement

The density matrix associated with the ground state
|Ψ0〉, that describes completely the state of the total sys-
tem formed by the two types of particles, is

ρ̂0 ≡ |Ψ0〉 〈Ψ0| . (13)

This matrix has dimension (NA + 1)(NB + 1). If we are
interested in only one part of the system, for instance
the type A(B) bosons, we can obtain the state for this
subsystem taking the partial trace with respect to B(A)
of the matrix ρ̂0. The state of type A(B) bosons then

would be described by ρ̂
A(B)
0 , that is

ρ̂
A(B)
0 ≡ TrB(A)[ρ̂0], (14)

which has dimension (NA(B) + 1).
In general, after tracing out part of the system, the

state of the remaining subsystem is a mixed state. In

order to determine if ρ̂
A(B)
0 is a pure state or not and its

degree of purity, the trace of this matrix squared, PA(B),
is computed,

PA(B) ≡ Tr[(ρ̂
A(B)
0 )2]. (15)

When the state of each subsystem is a pure state we ob-
tain PA(B) = 1. In this case the ground state is a product

state |Ψ0〉 = |ΨA
0 〉 |ΨB

0 〉 and there is no entanglement be-
tween A and B. Otherwise, when PA(B) 6= 1, the ground

state is not a product state,|Ψ0〉 6= |ΨA
0 〉 |ΨB

0 〉, and PA(B)

satisfies 1
NA(B)+1 ≤ PA(B) < 1, now having entanglement

between A and B with completely entangled subsystems

for the case ρ̂
A(B)
0 = 1

NA(B)+1 I.

E. Entropy and Schmidt gap

The von Neumann entropy of the state of each subsys-
tem is computed diagonalizing

ρ̂
A(B)
0 =

NA(B)∑
i=0

λ
A(B)
i |λA(B)

i 〉 〈λA(B)
i | , (16)

to obtain its eigenvalues λ
A(B)
i , considering λ

A(B)
0 ≥

λ
A(B)
1 ≥ ... ≥ λ

A(B)
NA(B)

. As the density matrix ρ̂
A(B)
0

is normalized, Tr[ρ̂
A(B)
0 ] = 1, the eigenvalues satisfy∑NA(B)

i=0 λ
A(B)
i = 1. In order to calculate the entropy

SA(B) we use the definition

SA(B) ≡ −Tr
[
ρ̂
A(B)
0 log ρ̂

A(B)
0

]
= −

NA(B)∑
i=0

λ
A(B)
i log λ

A(B)
i ,

(17)

where if a λ
A(B)
i = 0, the corresponding term is consid-

ered to be zero and it is not added to the sum. The
entropy has a minimum value equal to zero when all the

λ
A(B)
i = 0 except λ

A(B)
0 = 1 and then the state is pure.

Its maximum value, S
A(B)
max = log(NA(B) + 1), is reached

when λ0 = λ
A(B)
1 = ... = λ

A(B)
NA(B)

= 1
NA(B)+1 and in this

case we have the maximum entanglement situation (dis-
cussed previously) which means that each subsystem is
in a mixed state.

The Schmidt gap is defined as the difference between
the two largest eigenvalues of the density matrix,

∆λA(B) ≡ λA(B)
0 − λA(B)

1 , (18)

and also distinguishes between having pure states and no
entanglement between the A and B when ∆λA(B) = 1
and totally entangled subsystems and mixed states for
part A and B if ∆λA(B) = 0.

IV. SAME INTRASPECIES INTERACTION

In this section we present our results for the case in
which the intraspecies interaction is the same for both
species. We discuss how the properties of the system
change as we vary the interspecies one, UAB . The non

Treball de Fi de Màster. 3 Barcelona, June 2015



Quantum properties of two-component two-sites Bose-Hubbard model Pere Mujal Torreblanca

interacting case between different type bosons (UAB = 0)
is equivalent to having two independent, but different
because of bias in equation (1), single-component Bose-
Einstein condensate in a double-well, which is studied
in [6] and [7]. In terms of our parameters, NA = NB ,
UAA = UBB , JA = JB and UAB 6= UAA. Now for sim-
plicity we define Λ ≡ ΛA = ΛB and also J ≡ JA = JB .
In our numerical calculations NA = NB = 20, J = 20
and ε/J = 10−10. Thus, the Hamiltonian is a 441× 441
matrix, which is diagonalized for different values of Λ and
ΛAB . We organize the section as follows. First we discuss
the spectral decomposition of the ground state depending
on the character of the intraspecies interaction. Second,
we study the condensed fraction and entanglement prop-
erties as a function of Λ and ΛAB .

A. Repulsive intraspecies interaction

In this case we have Λ > 0, i.e. atoms of each
species repel each other. We can consider three situa-
tions, ΛAB > 0, ΛAB < 0 and ΛAB = 0.

ΛAB > 0. In this case, particles of different type do
not want to be at the same site. For ΛAB � Λ � 1,
this can be achieved with all type A bosons on the right
site and type B bosons on the left site, or similarly
with type B bosons on the right and type A bosons on
the left site. These two states are degenerate in this
limit and, therefore, any superposition of these states,
|Ψ0〉 = α |NA, 0〉+β |0, NB〉, with |α|2 + |β|2 = 1, has the
same energy. This degeneracy is broken by the bias term
introduced in the Hamiltonian, and since the bias has
been chosen to be energetically favourable to have B par-
ticles on the left site, the ground state is |Ψ0〉 = |NA, 0〉.
This limiting case, obtained for ΛAB � Λ� 1, can help
to understand the numerical results. For instance in Fig.
1(g) we present the spectral decomposition of the state
obtained for ΛAB = 10 and Λ = 4. The ground state is
seen to be close to the |NA, 0〉. As the ΛAB is decreased,
the bias term is not large enough to localize the state
and the ground state is closer to the linear combination
1√
2
(|NA, 0〉 ± |0, NB〉), see Fig. 1(f).

ΛAB < 0. Attractive interaction between different
bosons, will make all of them be at the same site de-
spite the repulsion between same type bosons because
now we consider the regime where −ΛAB � Λ � 1.
There is degeneracy in this case, too. Bosons can be all
together on the right, |Ψ0〉 = |NA, NB〉, or on the left
|Ψ0〉 = |0, 0〉, or also any superposition of the two situa-
tions |Ψ0〉 = α |NA, NB〉 + β |0, 0〉, with |α|2 + |β|2 = 1.
Again, the bias breaks the symmetry and in this case se-
lects the state |Ψ0〉 = |0, 0〉 because type B bosons are on
the left site in this one. The numerical results do agree
with these arguments. For ΛAB = −10 the ground state
is close to the state |0, 0〉, see Fig. 1(a). For ΛAB = −8
the bias does not localize the state and the ground state
is close to a linear combination 1√

2
(|0, 0〉 ± |NA, NB〉).

For ΛAB = 0, the system is equivalent to having two

k
B
/N

B

kA/NA

(a) ΛAB = −10

k
B
/N

B

kA/NA

(b) ΛAB = −8

k
B
/N

B

kA/NA
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k
B
/N

B

kA/NA
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k
B
/N

B

kA/NA

(e) ΛAB = 6

k
B
/N

B

kA/NA
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k
B
/N

B
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FIG. 1: Spectral decomposition of the ground state,
|CkA,kB |

2, for repulsive intraspecies interaction (Λ > 0), plot-
ted for different values of ΛAB . We observe the transition
from (a), a regime dominated by the attraction between the
different species to a regime (g) dominated by the repulsion
between species A and B, going through intermediate regimes
in the panels (b) to (f). For all panels Λ = 4, NA = NB = 20,
J = 20 and ε/J = 10−10.

independent bosonic Josephson junctions. The ground
state of the full system is the direct product of the ground
state of each subsystem. Thus, we obtain a left-right
A−B symmetric ground state (see Fig. 1(d)). This type
of state would be binomial for each component [6] for
Λ = 0. For Λ > 0 it becomes squeezed. In the limit case
when |Λ| � 1 it tends to |Ψ0〉 = |NA

2 , NB

2 〉.
When the bias does not play a role, i.e. when ε �

∆E1,0, the Hamiltonian has left-right and A−B symme-
tries so in this situation its eigenstates have these sym-
metries too. Therefore, catlike states appear for ΛAB < 0
as well as for ΛAB > 0. In both cases, the ground state
is quasi-degenerate with the first excited state. Without
bias in the ΛAB dominated regime we have for attractive
intraspecies interaction |Ψ0〉 = 1√

2
(|NA, NB〉 ± |0, 0〉)

and for the repulsive case |Ψ0〉 = 1√
2

(|NA, 0〉 ± |0, NB〉).
This is mainly what is found in Fig. 1(b) and Fig. 1(f) re-
spectively. For |ΛAB | small enough, the two peaks merge
and form a broadened peak which has its tails pointing
to the previous corresponding two peaks (see Figs. 1(c)
and 1(e)) and becomes narrow when |ΛAB | decreases un-
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Λ > 0 Λ < 0

ΛAB > 0 (1/
√

2)(|NA, 0〉 ± |0, NB〉) (1/
√

2)(|NA, 0〉 ± |0, NB〉)
ΛAB = 0 (|Λ| � 0) |NA/2, NB/2〉 (1/2)(|NA, NB〉+ |NA, 0〉+ |0, NB〉+ |0, 0〉)

ΛAB < 0 (1/
√

2)(|0, 0〉 ± |NA, NB〉) (1/
√

2)(|0, 0〉 ± |NA, NB〉)

TABLE I: Ground state for the case |ΛAB | � |Λ| in absence of tunnelling (Λ � 1) and in absence of bias depending on the
character of inter and intraspecies interaction.

til ΛAB = 0.

B. Attractive intraspecies interaction

As in previous subsection A, we can distinguish three
cases. The repulsive case for different particles, when
ΛAB > 0, the attractive one when ΛAB < 0 and the non
interacting for ΛAB = 0.

ΛAB > 0. Here the repulsion between different type
bosons and the attraction between same type bosons are
not competing, in the sense that both effects can be eas-
ily fulfilled simultaneously, which did not happen in the
two first limits discussed in subsection A. Particles of the
same type want to be together and separated from the
other type ones. The states that accomplish this in ab-
sence of tunnelling are |Ψ0〉 = |NA, 0〉, |Ψ0〉 = |0, NB〉
and their superposition |Ψ0〉 = α |NA, 0〉 + β |0, NB〉 ,
with |α|2 + |β|2 = 1. The bias breaks the symmetry to-
wards |Ψ0〉 = |NA, 0〉 (see Fig. 2(g)). Notice that this
argument also holds for the repulsive-repulsive case (re-
pulsion between same and different type of bosons).

ΛAB < 0. This is the attractive-attractive case where,
in absence of tunnelling, it is clear that all the bosons
will be at the same site. Now the states expected are
the same as in the regime of domination of attractive
interaction between different bosons and repulsive in-
teraction between same bosons. The difference in this
case is that the effects of Λ and ΛAB go in the same
direction. The ground state candidates are |Ψ0〉 =
|NA, NB〉, |Ψ0〉 = |0, 0〉 and, as before, their superpo-
sition |Ψ0〉 = α |NA, NB〉+ β |0, 0〉, with |α|2 + |β|2 = 1,
with the bias breaking the symmetry and selecting the
state |Ψ0〉 = |0, 0〉 (see Fig. 2(a)).

Here, we also have the catlike states described in the
previous section as it is shown in Figs. 2(b) and 2(f).
However, the ground state for ΛAB = 0 is a different
one (see Fig. 2(d)) and thus the intermediate states too
(see Fig. 2(c) and 2(e)). The ground state for zero in-
traspecies interaction is degenerate not only with the first
excited state but also with the second, the third and the
fourth. Looking only in one type of bosons we have in
these conditions a left-right catlike state [6], so here we
see this for both components at the same time. Each
catlike state for each species is degenerate, what means
that the ground state of the whole system is the degener-
acy of |Ψ0〉 = 1

2 (|NA, NB〉+ |NA, 0〉+ |0, NB〉+ |0, 0〉),
|Ψ0〉 = 1

2 (|NA, NB〉 − |NA, 0〉 − |0, NB〉+ |0, 0〉), |Ψ0〉 =
1
2 (|NA, NB〉 − |NA, 0〉+ |0, NB〉 − |0, 0〉) and |Ψ0〉 =

k
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FIG. 2: Spectral decomposition of the ground state,
|CkA,kB |

2, for attractive intraspecies interaction (Λ < 0),
plotted for different values of ΛAB . We observe the transi-
tion from (a), a regime dominated by the attraction between
the different species to a regime (g) dominated by the repul-
sion between species A and B, going through intermediate
regimes in the panels (b) to (f). For all panels Λ = −3,
NA = NB = 20, J = 20 and ε/J = 10−10.

1
2 (|NA, NB〉+ |NA, 0〉 − |0, NB〉 − |0, 0〉). As occurred
before, the tunnelling mixes the four states and for fi-
nite Λ we obtain states close to these ones but with a
finite width in the Fock space, Fig. 2(c,d,e).

In Table I we summarize the ground state in the inter-
action dominating regime.

C. Condensed fractions and entanglement
properties

Up to now, we have mainly discussed the spectral
structure of the ground states for different values of Λ and
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FIG. 3: For same intraspecies interaction, (a) population im-
balance of the ground state, zA, for type A bosons. The
particles of this type are all on the left zA = 1 (yellow), all on
the right zA = −1 (black) and zA = 0 (red). (b) Population
imbalance of the ground state, zB , for type B bosons. The
particles of this type are all on the left zB = 1 (yellow) and
zB = 0 (black). (c) Dispersion of population imbalance of the
ground state for type B bosons, σzB , depending on the char-
acteristic parameters Λ and ΛAB . (d) Condensed fraction nB

1

of the ground state corresponding to the highest eigenvalue
of the one-body density matrix as a function of Λ and ΛAB .
For ΛAB = 0 (non interacting case between different type
bosons) the results obtained in [6] are reproduced. For all
panels NA = NB = 20, J = 20 and ε/J = 10−10.

ΛAB . Starting from the interaction dominated cases, we
have understood the Fock space structure of the ground
state found in our numerical diagonalization. In partic-
ular, we have identified regimes in which ground state
quasidegeneracies and many-body fragmentation is ex-
pected to appear. In this section, we will characterize
the condensation of the two ultracold atomic clouds and
the entanglement between the two species.

First, let us provide a global picture and consider the
population imbalance of the ground state for the A and
B species as a function of Λ and ΛAB . The main differ-
ence between the two species is found in the attractive
intraspecies interaction case, as seen by comparing pan-
els (a) and (b) of Fig. 3. This is due to the bias term
which breaks explicitly the A − B symmetry, which in
the interaction dominated regime localizes the B atoms
on the left and the A atoms on the right.

The population imbalance only provides an average in-
formation, which does not allow to differentiate for in-
stance two very different quantum states, e.g. Fig. 1(b)
and Fig. 1(d). Both of these states have a zero popula-
tion imbalance, but the structure in Fock space is com-
pletely different. For instance, it can be inferred directly
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FIG. 4: For same intraspecies interaction, (a) difference be-
tween the energy of the first excited state and the ground
state ∆E1,0 depending on Λ and ΛAB . The black region is
where there is degeneracy. (b) Von Neumann entropy of the
ground state for subsystem A(B), SA(B) normalized to its
maximum value. (c) Trace of the density matrix squared of
the ground state for subsystem A(B), PA(B). (d) Schmidt

gap of the ground state for subsystem A(B), ∆λA(B). For all
panels NA = NB = 20, J = 20 and ε/J = 10−10.

from the figure that the two states should have a very
different quantum uncertainty for the imbalance of pop-
ulation. This means for instance the following. If one
prepares the system in the state shown in Fig 1(b) and
measures the populations, the outcome of the measure-
ments will be very polarized, i.e. almost all particles of
each species will be found on the same well in each exper-
iment. On average, however, we should find an average
of population equal to zero. In contrast, in the state
depicted in Fig. 1(d), the outcome of each individual
experiment will almost never be too polarized, finding
outcomes where a similar number of particles of each
species is found in each well. These two states can be
discriminated by means of the dispersion of the popula-
tion imbalance σz, Eq. (10), which is depicted in Fig.
3(c).

In Fig. 3(c) we consider the dispersion of the popula-
tion imbalance for the B atoms. The sharp lines delim-
iting the different population imbalance regions seen in
Fig. 3(b) are replaced by broad transition regions in Fig.
3(c). This is a quantal effect, similar to the transition
observed in the single component case [6]. As occurred
in the single component case, in the transition regions
the many-body state is very fragmented. As seen in Fig.
3(d), the B component is almost fully condensed for all
values of Λ and ΛAB except for the transition regions,
where the condensed fraction falls below 0.7. These frag-
mented states are for instance the ones in Fig. 1(b,c,e,f).
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FIG. 5: Spectral decomposition of the ground state,
|CkA,kB |

2, plotted for different values of ΛAB . Here there
is repulsion between A (ΛA > 0) and attraction between
B type bosons (ΛB < 0). We observe the transition from
(a), a regime dominated by the attraction between the dif-
ferent species to a regime (e) dominated by the repulsion be-
tween species A and B, going through intermediate regimes
in the panels (b) to (d). For all panels ΛA = 4, ΛB = −5,
NA = NB = 20, J = 20 and ε/J = 10−10.

As explained above, in certain limits the ground state
becomes degenerate with the first excited state. In Fig.
4(a) we depict ∆E1,0. Small degeneracies are not seen
in the figure, and thus, for instance, the localisation due
to the bias is not reflected in the figure. For Λ < 0 the
ground state is mostly degenerate. Gapped ground states
are found for repulsive intraspecies interactions and also
in the transition regions.

The entanglement between the two subsystems is char-
acterized by the purity, von Neumann entropy and
Schmidt gap of the density matrix after tracing out a
certain subsystem. The Schmidt gap provides a broad
picture of presence of entanglement, see Fig 4(d). As
it only involves the difference between the two largest
Schmidt coefficients, it does not differentiate between dif-
ferent entangled states, for instance, it cannot discrimi-
nate between a catlike state, Fig. 1(b) and a broadened
peak Fig. 1(c). These two states can be told apart by
computing the von Neumann entropy, Fig. 4(b). In this
case, the broadened peak has a larger number of sizeable
Schmidt coefficients than in the catlike case, and thus
shows as a maximum of the von Neumann entropy, in
yellow inside the transition region. A similar discussion
can be made with the states in Fig. 1(e) and (f), which
again have a similar Schmidt gap but different von Neu-
mann entropy. The purity, shown in Fig. 4(c) provides a
very similar global picture as the Schmidt gap.

Λ
A
B

ΛB

(a)

Λ
A
B

ΛB

(b)

Λ
A
B

ΛB

(c)

Λ
A
B

ΛB

(d)

Λ
A
B

ΛB

(e)

Λ
A
B

ΛB

(f)

-10

-5

0

5

10

-10 -5 0 5 10
-1
-0.8
-0.6
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1

-10

-5

0

5

10

-10 -5 0 5 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

-10

-5

0

5

10

-10 -5 0 5 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

-10

-5

0

5

10

-10 -5 0 5 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

-10

-5

0

5

10

-10 -5 0 5 10
0.7

0.75

0.8

0.85

0.9

0.95

1

-10

-5

0

5

10

-10 -5 0 5 10
0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

FIG. 6: For different intraspecies interaction and fixing ΛA >
0 and varying ΛB and ΛAB , population imbalance of the
ground state, zA, (a) for type A and (b) for type B bosons,
zB . Dispersion of population imbalance of the ground state
for each specie, (c) σzA and (d) σzB . Condensed fraction of
the ground state corresponding to the highest eigenvalue of
the one-body density matrix for each type, (e) nA

1 and (f)
nB
1 . For all panels ΛA = 4, NA = NB = 20, J = 20 and
ε/J = 10−10.

V. DIFFERENT INTRASPECIES
INTERACTION

In this section we will study the case UAA 6= UBB
with the same number of particles for each species, NA =
NB and as before J ≡ JA = JB with J/ε = 1010. We
consider a fixed value of ΛA for repulsive (ΛA > 0) and
attractive interaction (ΛA < 0) and allow for variations
of the parameters ΛB and ΛAB .

A. Repulsive intraspecies interaction ΛA

We consider bosons of type A with repulsive in-
traspecies interaction mixed with bosons of type B. In
this case, we will allow for a variation of the interactions
of the B bosons with themselves (ΛB) and with the other
species (ΛAB).
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FIG. 7: For different intraspecies interaction and fixing ΛA >
0 and varying ΛB and ΛAB , (a) difference between the en-
ergy of the first excited state and the ground state ∆E1,0.
(b) Von Neumann entropy of the ground state for subsystem
A(B), SA(B) normalized to its maximum value. (c) Trace of
the density matrix squared of the ground state for subsystem
A(B), PA(B). (d) Schmidt gap of the ground state for subsys-

tem A(B), ∆λA(B). For all panels ΛA = 4, NA = NB = 20,
J = 20 and ε/J = 10−10.

Here we have found mainly the same type of states
and transitions described in section IV. There are, how-
ever, new states and different behaviour for each type
of bosons. For instance, for ΛB > 0 the states that are
found are the ones of Fig. 1 but appearing for different
values of ΛAB . For this reason we focus on the case of
having ΛB < 0 as it is shown in Fig. 5. In the extreme
cases (see Figs. 5(a) and 5(e)), the states are similar
to the ones in Figs. 1(a) and 1(g). In these cases the
physics is dominated by ΛAB and the effect of the bias.
Notice that, the different intraspecies interaction plays
a relevant role because without the interspecies interac-
tion, we would have a binomial-like distribution for type
A bosons (slightly repulsive intraspecies interaction, ΛA)
and a catlike state for type B due to an attractive inter-
action in species B (see Fig. 5(c)). When ΛAB increases
(see Fig. 5(d)) or decreases (see Fig. 5(b)) produces an
entanglement of the A coefficients maintaining a catlike
structure for the B component, until a catlike state be-
tween the components A and B is formed. The states of
Fig. 5 are present along a vertical line in Figs. 6 and 7
for a fixed value of ΛB .

In the present case, we have to distinguish between
what happens to A and to B since, due to different in-
traspecies interaction, they are not behaving in the same
way. This is reflected in Fig. 6 where we compare several
observables for the two components. For the population
imbalance of each species, panels (a) and (b), we obtain a
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FIG. 8: Spectral decomposition of the ground state,
|CkA,kB |

2, plotted for different values of ΛAB . Here there
is attraction between A (ΛA < 0) and repulsion between
B type bosons (ΛB > 0). We observe the transition from
(a), a regime dominated by the attraction between the dif-
ferent species to a regime (e) dominated by the repulsion be-
tween species A and B, going through intermediate regimes
in the panels (b) to (d). For all panels ΛA = −4, ΛB = 5,
NA = NB = 20, J = 20 and ε/J = 10−10.

similar description. That type of behaviour was already
in Fig. 3 but in the present case the borders between the
different regimes become curvy, and the transition zones
become wider. This means that for a variation of the
parameters ΛAB and ΛB the state obtained varies more
slowly and it is not so sensitive to interaction changes.
Another interesting feature is the area around ΛB = −5,
which is the one explored in Fig. 5, because the differ-
ence between species A and B becomes larger. We can
see how for ΛAB = 0, ΛA = 4 and ΛB = −5 we have A
type bosons condensed (see Fig. 6(e)) and B type bosons
experimenting the transition. When |ΛAB | is increased
a transition zone to a condensate for the A bosons ap-
pears. Notice that this transition is a consequence of the
interspecies interaction. This is observed also for the en-
tropy, the trace of the density matrix squared and the
Schmidt gap (see Figs. 7(b), 7(c) and 7(d)). All these
facts illustrate the effects of the interspecies interaction.

B. Attractive intraspecies interaction ΛA

This is the case where there are bosons of type A with
attractive intraspecies interaction mixed with bosons B
for which we can vary the interaction with themselves
and with the other specie.

In Figs. 8(a) and 8(e) we report the same type of states
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FIG. 9: For different intraspecies interaction and fixing ΛA <
0 and varying ΛB and ΛAB , population imbalance of the
ground state, zA, (a) for type A and (b) for type B bosons,
zB . Dispersion of population imbalance of the ground state
for each specie, (c) σzA and (d) σzB . Condensed fraction of
the ground state corresponding to the highest eigenvalue of
the one-body density matrix for each type, (e) nA

1 and (f)
nB
1 . For all panels ΛA = −4, NA = NB = 20, J = 20 and
ε/J = 10−10.

found before in Figs. 5(a) and 5(e). For ΛAB = 0 (see
Fig. 8(c)), we have a catlike state for type A bosons
and a binomial-like state for type B bosons. This sit-
uation is not different from the previous one in Fig. 5
since it corresponds to an exchange of rolls of A and B
bosons. However, in Figs. 9 and 10 we can observe this
situation from a different point of view because the vari-
able parameter ΛB corresponds to the species which does
the transition from binomial-like to highly localized state
whereas for Figs. 6 and 7 bosons of type B experimented
the other transition.

On the one hand, for type A bosons we see clearly
three zones in Figs. 9(a), 9(c) and 9(e). The top region
is the one corresponding to have all bosons of this type
on the right (see Fig. 8(e)) so its population imbalance
is −1, the dispersion 0 and there is condensation. The
bottom region is similar to the top one but with A bosons
now confined on the left site (see Fig. 8(a)). The third
region located on the right is the one corresponding to the

Λ
A
B

ΛB

(a)

Λ
A
B

ΛB

(b)

Λ
A
B

ΛB

(c)

Λ
A
B

ΛB

(d)

-10

-5

0

5

10

-10 -5 0 5 10
0

0.005

0.01

0.015

0.02

0.025

-10

-5

0

5

10

-10 -5 0 5 10
0

0.05

0.1

0.15

0.2

0.25

-10

-5

0

5

10

-10 -5 0 5 10
0.4

0.5

0.6

0.7

0.8

0.9

1

-10

-5

0

5

10

-10 -5 0 5 10
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

FIG. 10: For different intraspecies interaction and fixing
ΛA < 0 and varying ΛB and ΛAB , (a) difference between the
energy of the first excited state and the ground state ∆E1,0.
(b) Von Neumann entropy of the ground state for subsystem
A(B), SA(B) normalized to its maximum value. (c) Trace of
the density matrix squared of the ground state for subsystem
A(B), PA(B). (d) Schmidt gap of the ground state for subsys-

tem A(B), ∆λA(B). For all panels ΛA = −4, NA = NB = 20,
J = 20 and ε/J = 10−10.

catlike states for the A species. On the other hand, for
type B bosons (see Figs. 9(b), 9(d) and 9(f)), the top and
the bottom regions are the ones associated respectively
with Fig. 8(e) and Fig. 8(a) and the right region is the
transition where B bosons pass from being confined in
one side, to a catlike state, to a wide peak and finally a
binomial-like state for ΛAB = 0.

In the present case, ΛA = −4, we observe large regimes
of ΛB and ΛAB for which there is degeneracy as we can
observe in panel (a) of Fig. 10, where we report the en-
ergy gap between the ground and the first excited state.
Moreover, the last three figures tell us that the presence
of catlike states with entanglement, corresponding to the
yellow zone in the entropy and purple zone in the trace
of the density matrix squared, exists for a wide range of
ΛAB (see Figs. 10(b), 10(c) and 10(d)).

VI. SUMMARY AND CONCLUSIONS

In this master thesis we have discussed the ground
state properties of a binary mixture of Bose-Einstein
condensates in two spatial sites. The system has been
described by means of a two-site two-component Bose-
Hubbard Hamiltonian. Taking the same fixed number of
particles for each component we have studied the prop-
erties of the ground state of the system in different inter-
action regimes, i.e. varying the intra and interspecies
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interactions. The numerical tool used has been a di-
rect diagonalization of the Hamiltonian which is feasible
for the small number of particles considered, 20 for each
component. In regimes where the interactions are much
larger than the tunneling, the analytical ground state of
the system can be obtained and can be used as a first
approximation to the exact results. We have also consid-
ered a regime in which the interactions are of the order of
the tunneling. In this case, sizeable quantum correlations
are built in the system. First, we have discussed the case
in which both components have the same intraspecies
interaction, finding quantum correlations arising as the
interspecies interaction is tuned. Finally, we have con-
sidered a more general case in which both species have a
different intraspecies interaction.

New type of states that cannot be found in a single-
component condensate have been found and studied as
the catlike ones that are of the interest for having en-
tanglement between the two species bosons. We have

discussed how the ground state can be characterized and
how to differentiate ground state types depending on ΛA,
ΛB and ΛAB using their properties. We have seen that
the population imbalance provides an average informa-
tion that is complemented with the calculation of its dis-
persion. To determine the degree of entanglement, it has
been shown that the von Neumann entropy gives detailed
information about the state whereas the Schmidt gap and
the trace of the density matrix squared allow as to have
a first approximation view.
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[6] B. Juliá-Dı́az, D. Dagnino, M. Lewenstein, J. Martorell
and A. Polls. “Macroscopic self-trapping in Bose-Einstein

condensates: Analysis of a dynamical quantum phase
transition”. Phys. Rev. A 81, 023615 (2010).
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